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We prove: The inequality
} e&pq }c1 log log qq2 log q
holds for all positive integers p and q with q2, if and only if c1
0.386249199819... . And, the reverse inequality
} e&pq }<c2 log log qq2 log q
has infinitely many solutions in integers p, q, if and only if c212.  1998 Academic
Press
1. INTRODUCTION
In the past, C. L. Siegel [9], K. Mahler [5], Th. Schneider [8], L.-C.
Kappe [3], and other mathematicians presented remarkable measures of
irrationality and of transcendence for ea and for other classes of numbers.
In 1971, P. Bundschuh [1] published several interesting new results on
rational approximation to ea, where a{0 is a rational or a Liouville
number. In particular, he obtained an explicit lower bound (which is free
of unknown constants) for the distance of e from a given rational number.
If p and q are integers with q1, then
} e&pq }>
1
18
log log(4q)
q2 log(4q)
. (1.1)
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It is pointed out in [1] that inequality (1.1) is sharp apart from the con-
stant 118. This follows from the fact that there exist infinitely many
rational numbers pq such that the converse inequality
} e&pq }<e3
log log q
q2 log q
(1.2)
is valid. In 1978, C. S. Davis [2] published the following result. For every
=>0 there exist infinitely many solutions of
} e&pq }<\
1
2
+=+ log log qq2 log q (1.3)
in integers p, q. And, there exists a number q$=q$(=) such that
} e&pq }>\
1
2
&=+ log log qq2 log q
holds for all integers p and q with qq$.
Inspired by Davis’ paper, T. Okano [7] provided in 1992 a refinement of
inequality (1.1). He investigated ‘‘the possibility of replacing the constant
118 in Bundschuh’s theorem by a larger one’’ [7, p. 129], and proved that
the inequality
} e&pq }>
1
3
log log q
q2 log q
(1.4)
is valid for all positive integers p and q with q2.
It is natural to ask for the best possible constants in inequalities (1.2)
and (1.4). It is the aim of this paper to solve this problem. In the next
section we prove that in (1.4) (with ‘‘’’ instead of ‘‘>’’) the factor 13 can
be replaced by the optimal value 0.386249199819... . And, we establish that
inequality (1.3) holds also for ==0, that is, the best possible constant
factor in (1.2) is 12.
2. THE MAIN RESULT
Our main result is the following.
Theorem. If p and q are positive integers with q2, then we have
} e&pq }:
log log q
q2 log q
(2.1)
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with the best possible constant
:= } e&28 245 72910 391 023 }
(10 391 023)2 log(10 391 023)
log log(10 391 023)
=0.386249199819... .
Further, the inequality
} e&pq }<
1
2
log log q
q2 log q
(2.2)
has infinitely many solutions in integers p, q. The factor 12 cannot be
replaced by a smaller constant.
Proof. The continued fraction of e is given by e=[a0 , a1 , a2 , ...], where
a0=2, a3m&2=1, a3m&1=2m, a3m=1 for m=1, 2, ...,
and the principal convergents pmqm of e are defined by
p0=2, p1=3, pm=am pm&1+ pm&2 (m=2, 3, ...),
and
q0=1, q1=1, qm=am qm&1+qm&2 (m=2, 3, ...).
If pq is not a convergent of e, or, if pq= pmqm with m1 (mod 3), then,
by using a standard result (see [4]), we get
} e&pq }>
1
3q2
>:
log log q
q2 log q
.
We define for n1:
xn= } e&p3n+1q3n+1 }
q23n+1 log q3n+1
log log q3n+1
.
Since
} e&p3n+1q3n+1 }>
1
q3n+1(q3n+1+q3n+2)
>
1
2(n+2) q23n+1
we obtain
xn>
log q3n+1
2(n+2) log log q3n+1
. (2.3)
59ON RATIONAL APPROXIMATION TO e
File: DISTIL 219904 . By:DS . Date:05:01:98 . Time:08:29 LOP8M. V8.B. Page 01:01
Codes: 1913 Signs: 906 . Length: 45 pic 0 pts, 190 mm
The function x [ log xlog log x is strictly increasing for xee. Hence,
from (2.3) and
q3n+1 = ‘
n
i=1
(q3i+1 q3i&2) ‘
n
i=1
(4i+2)
=(2n+1)!n !=sn , say,
we get for n2:
xn>
log sn
2(n+2) log log sn
=tn , say. (2.4)
By direct computation we obtain that (tn) is increasing for n=30, ..., 40.
Next, we define for positive real x:
F(x)=
f (x)
2(x+2) log f (x)
with
f (x)=log \2
2x+1
- ?
1 \x+32++ .
Using some elementary inequalities for the gamma function and its
logarithmic derivative (which are given, for instance, in [6, p. 288]), we get
d
dx
F(x)>0 for x40.
This implies, since tn=F (n), that the sequence (tn) is increasing for n30.
Hence, we conclude from (2.4):
xn>tnt30=0.38668...>: for n30.
The numerical values of (xn) for n=1, ..., 29, reveal that (xn) is strictly
decreasing for n=1, ..., 6, and strictly increasing for n=6, ..., 29. Thus, we
have for all n1:
xnx6=:,
with equality only if n=6. This completes the proof of inequality (2.1).
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To prove inequality (2.2) we set m=3n+1 with n large and Q=qm .
Then we have
qm+1=(2n+O(1)) Q, qm+2=(2n+O(1)) Q,
qm+3=(4n+O(1)) Q, qm+4=(8n2+O(n)) Q, ...
and therefore we obtain
} e&pmqm }=
1
qmqm+1
&
1
qm+1qm+2
+
1
qm+2qm+3
&
1
qm+3qm+4
+ } } }
=
1
(2n+O(1)) Q2
. (2.5)
Since qm+3=(4n+O(1)) qm , we get inductively
qm=4nn! nO(1)=exp(n log(4ne)+O(log n)). (2.6)
From (2.5) and (2.6) we conclude
} e&pmqm }=
1
(2n+O(1)) Q2
=
log \4e
log Q
log log Q++o(1)
2Q2 log Q
and hence
} e&pmqm }
q2m log qm
log log qm
=
log \4e
log qm
log log qm++o(1)
2 log log qm
. (2.7)
The ratio on the right-hand side of (2.7) is less than 12 and tends to 12
as n  . Thus, inequality (2.2) has infinitely many solutions in integers p,
q, but only finitely many if we replace 12 by a smaller constant.
Remark. The proof of the Theorem reveals that the sign of equality
holds in (2.1), if and only if p(=p19)=28 245 729 and q(=q19)=
10 391 013.
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